Approximating the Value of Integrals

We know from The Fundamental Theorem of Calculus that:

b
| e dx=r) - F@

where F'(x) = f(x).

b
But how do we evaluate fa f(x) dx if there is no elementary function, F (x),
such that F'(x) = f(x)?

For example:

2 1
f eCDdx  or j v 1—2x3dx.
0 0

In cases like these, we need to approximate the values of the integral.

One way to approximate the value of a definite integral is with Riemann sums.
That is, we break the interval [a, b] into n equal subintervals each of length

b-a
Ax = — and choose a point X; out of each interval and:

[Creoax Y f o
a i=1

Three common choices for x{‘ are the left endpoint, the right endpoint, or the
midpoint.



Using the left endpoint:

fbf(x) dx =~ if(xf)Ax
a i=1

y = f(x)
1 2 3 4 5
Using the right endpoint:
b n
[ =) ranax
a i=1
y=f(x)




If X; is the midpoint of [x;_q, X;], then using this midpoint:

n

| G dx ~ Y Fea)ax
a i=1
Jy=f
T
1 2 3 4 5

In general,

Left endpoint method:
b n
[ rerdr =1y =Y ) ax
a i=1
Right endpoint method:

b .
ja F@)dx ~ Ry ~ ;ﬂxo Ax

Midpoint method:

b .
ja F) dx ~ My ~ ;f(xi) Ax



Notice that the left endpoint, right endpoint, and midpoint methods are all using

b
areas of rectangles to approximate fa f(x) dx. However, another approach is

b
to use areas of trapezoids to approximate fa f(x)dx.

ja o) dx ~ - [Z Fxey) Ax + anf(xi) Ax

y=fx)
(In Blue)
1 2 3 4

The trapezoidal rule is an average of the left midpoint and right midpoint
methods.

fabf(x) dx = % [Z: f(xioq) Ax + if(xz) Ax

_Ax
2

i Flein) + if(xa]
i=1 i=1

_Ax
2

> (e + f(xi))]



= Z[(f o) + FO)) + (FGra) + F ) + o+ (F Gty + £ ()]

= X [F () + 2 (1) + 20 () + -+ 2 () + fC6)]

Trapezoidal Rule:

fﬂwMzn

A
N 7x [f(x0) + 2 (x1) + 2f (22) + -+ + 2f (xp_1) + f(xp)]-

31
Ex. Approximate fl o dx using the midpoint rule, the left endpoint rule, the right
endpoint rule, and the trapezoidal rule with n = 4.

b— 3—1
Forn =4, Ax =—na=—

4

Xo = 11 X1 = 15' X

N N

~

. So we have:

2 = X3 - 25, X4 - 3

So the midpoints occur at:

fl - 125 ) fz — 175 ) f3 - 225 ) .f4 — 275




4
My = ) fGE)Ax = [f(R) + (&) + (&) + FEDI(0.5)
i=1

= [£(1.25) + F(1.75) + (2.25) + £(2.75)](0.5)

1 1

- [1.25 tims ot 2.75] (0.5)

~ 1.11248

4
Ly= ) flrig) dx = [fC) + FG) + () + FGx)] (0.5)
i=1
= [£(1.0) + f(15) + f(2.0) + f(25)](05)
1 1 1 1
= |+ = +55+5:] 09

~ 1.28333

4
Ry= ) G B = [£(xy) + F(x2) + £ () + Fx)](0.5)
i=1

= [f(1.5) + f(2.0) + f(2.5) + f(3.0)](0.5)
- [15+ + 2 +30](o.5)

= 0.95000



- % [f (xo + 2F (1) + 2f (x) + 2f (x3) + £ (x4)]

= 22 [f(1) + 2f(15) + 2f(2.0) + 2f(2.5) + f(3)]

=5 +2(5) +2() +2(5) +l

~ 1.11667

In this case, we know how to calculate:
3 1 3

f —dx =Inx
1 X 1

Error using the midpoint rule:

=In3—-—In1=1In3 = 1.09861

Ey =~ 1.09861 —1.11248 = —0.01387

Error using the left endpoint rule:

E; = 1.09861 — 1.28333 = —0.18472

Error using the right endpoint rule:

Er = 1.09861 — 0.95000 = 0.14861

Error using the trapezoidal rule:

Er = 1.09861 — 1.11667 = —0.01806



The more subdivisions we take of the intervals, the better the approximation will
tend to be with all of the methods. In general, the trapezoidal and midpoint rules
tend to be more accurate than either the left or right endpoint rules. Also the
midpoint rule tends to be more accurate than the trapezoidal rule.

Notice that if £(x) is a linear function, then both the trapezoidal rule and the
midpoint rule will be exactly equal to the integral (not just an approximation).

b
| 760 =1 = My

a b
Thus when estimating the error in each approximation

b
Br= | fedx-T,

b
Ey =j f(x)dx — M,

E; and E); depend on f"'(x) (if f(x) is a linear function f"'(x) = 0).



Error bounds: Suppose |f''(x)| < k foralla < x < b. If E; and E}; are the
errors in the trapezoidal and midpoint rules, then:

k(b —a)3 k(b —a)3

Erl < Eul <
IEr| < 12n? | < 24n?2

3/1
Ex. Use the error bounds to approximate the errorin fl (;) dx using the

trapezoidal method and the midpoint method with n = 4.

f@) =1
Fe)=—%
fe =%

Whenl < x < 3:

2

2
3 S—3=2=k.

1

Wenowknowa =1,b = 3,n = 4.

k(b—a)® _ 2(3-1)3 2(8) 1
< = = — =
|Er| < 12n2  — 12(4)2 12(16) 12 0.08333

k(b—a)® _ 2(3-1)3 1
< < = —=
|Ey| < an? | = 2a(a? ” 0.04167.




We saw earlier that in this case:

|E+| = 0.01806

|Ey| = 0.01387

Ex. How large should we take 1 in order to guarantee that the error in the
previous example is less than 0.001 for the following:

a) The trapezoidal rule

b) The midpoint rule

k(b-a)® 2(3-1)3 16
12n2 12n2 12n2

a) |Er| < < 0.001

1 12
— < (0.001) (1—6) = 0.00075

2 1
>
0.00075

n > 36.5

~ 1,333.33

Sotaken = 37.

10



11

k(b-a)® 2(3-1)° _ 16
24n2  12n2  24n2

b) |Ey| < < 0.001

1 24
= < (0.001) (R) — 0.0015

1
0.0015

n > 25.8

n? > ~ 666.67

So take n = 26.

1 2
Ex. Approximate fo e* dx.

a) Use the midpoint rule and the trapezoidal rule each withn = 5
b) Give an upper bound for the error in these approximations

a) By the midpoint rule:

L 5
j e*’ dx ~ Afo(J?i)
0 i=1
b—a 1-0

a=0, b=1, n=5 =52 Ax=—=—=.2
n 5

X0=0 x,=02, x,=04 x3=06, x,=08 x5=1.0

x_l == 01, fz == 03, fg - 05, f4 == 07, fs = 0.9

1
j e** dx =~ 2[f(0.1) + £(0.3) + £(0.5) + £(0.7) + £(0.9)]
0

— .2[60'01 + e0.09 + 60'25 + 80'49 + 30.81] ~ 145369



12

By the trapezoidal rule:

1 5 A
j e dx = U [F (o) + 2 (1) + 2 () + 2 () + 2 (x) + F(x5)]

= ZX[£(0) + 2£(0.2) + 2£(0.4) + 2f(0.6) + 2£(0.8) + f(1)]

0.2
— 7 [80 + 260'04 4+ 260'16 + 260'36 4+ 260'64 4+ el]

~ 1.48065.
b) f(x) =e*
f'(x) = 2xe*”

f"(x) = 2x(2xex2) + 2xe*" = (4x2% + 2)e*’

k(b—a)3
24n?

|Ey | < where |f"(x)| <k fora<x<bh

1" (0)| = |(4x? + 2)ex2| < 6e (whenx = 1)

k(b—a)3 < (6e)(1)3

24n?2 T 24(5)2 = 0.02718

|Eml| <

k(b-a)® _ 6e(1)3

I 1205 ~ 0.05437.

|Er| <
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Simpson’s Rule

Simpson’s Rule uses parabolas instead of line segments to approximate the curve
y = f(x). This time we divide [a, b] into an even number of subintervals. On
each consecutive pair of intervals approximate the curve with a parabola.

/7 Ny =|sin(mx)+2

It can be shown that the area under the parabola through the points

A
(x0,Y0), (x1,¥1), and (x5, ¥) is given bY?x (¥o + 4y, +y,) where

b—a .
Ax = — and n is even.

This leads us to Simpson’s Rule:

fﬂ@mz%

_ Ax[f(xo) + 4f ) + 2f () + 4f (x3) + -+
3L o +2f (xp2) +4f Cen—q) + f ()



14

3/1
Ex. Use Simpson’s Rule with n = 4 to approximate fl (;) dx.

a=1 b=3 A=2%=31_0¢5

4
xo - 10, X1 = 15, Xy = 2, x3 == 25, X4 = 3.0
31 Ax
| S x5y = SEIFGro) + 47 ) + 2 (1) + 4Cxs) + £ ()
1

— 0?5 [£(1.0) + 4£(1.5) + 2£(2.0) + 4f(2.5) + £(3.0)]

=S h+ (@) +20) () +

= 1.10000.

Notice that [}’ ~ dx = In3 ~ 1.09861.

Our approximation using M, was 1.11248 and using T, was 1.11667.

The approximation using S, = 1.10000 is clearly much better.

Error bound for Simpson’s Rule:

Suppose |f(4) (x)| < k for a < x < b. If Eg is the error in Simpson’s
Rule, then:
k(b—a)®

<
IEs] < gont -
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Ex. How large should we take n to guarantee that Simpson’s Rule approximation
31
of fl ;dx is accurate to within 0.001?

fl)=x71
fl(x) = —x~
F7() = 217
flll(x) — —6x 4
fl/l/(x) — 24x_5
|f(4)(x)|_| |<—_24—k whenl <x <3
5 _13\5
|Es| = kig();?} = Zi(SOni) <0.001 > 22 - < 0.001
14 < 28%(0.001) ~ 0.0002349
768
4 >,____l____
0.0002349

1

1
(Y aa
0.0002349

So take n = 10 (n must be even).

Notice that when using the trapezoidal rule we needed n = 37 and for the
31

midpoint rule we needed n = 26 to guarantee an error in fl X dx to be less

than 0.001.
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. , . . 1 42 .
Ex. Use Simpson’s Rule with n = 4 to approximate fo e* dx. Estimate the
error involved in this approximation.

a=0 b=1 Ax=22=120_g25
n 4

Xog = O, X1 = 025, Xy = 050, X3 = 075, X4 = 1
v Ax
| e du x5y = S (o) + 4 ) + 2 () + 4 Cxs) + £ (o)
0

— OTZS [£(0) + 4£(0.25) + 2£(0.5) + 4£(0.75) + f(1)]

_ 0-725 [eo n 4(3(0'25)2) n 2(9(0'5)2) n 4(e(0'75)2) n el]

~ 146371

k(b—a)> 2
|Es| < —go f(x) =e*

By taking successive derivatives we get: f ¥ (x) = (12 + 48x% + 16x4)ex2.

Since0 <x <1, f(4) = 0 and it takes its maximum when x = 1 since it’s an
increasing function.

If@ )| < (12 + 48 + 16)e™M”) = 76e

76e(1—0)>

T ~ 0:00448.

|Es| <

Notice that the error is much less than the error bound for the trapezoidal rule,
n =5, 0.05437, and the error bound for the midpoint rule, n = 5, 0.02718.



