The Derivative of a Function

The derivative of a function, f (x), is another function, f'(x), that equals the
slope of the tangent line to the graph of y = f(x) at the point (x, f (x)).

We calculate the slope of the tangent lineto y = f(x) at the point X = a by

taking the slopes of secant lines between a and x and let x tend toward a. The
limit of these slopes (if it exists) is what we call the slope of the tangent line to

y=f(x)atx=a
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Def. f'(a) =lim [-J(@) if the limit exists.
x—a X—a

: f)—f(a)
Notice that Mg, = T —a is the average rate of change of the function

y = f(x) on the interval [a, x].

f&x)—f(a)

X—a

Mign = f'(a) = llm is the instantaneous rate of change of the

function y = f(x) at the point x = a.
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Since f”(a) is the slope of the tangent line to y = f(x) at the point (a, f (a)),
we can write down the equation of this tangent line since we know the slope,

f’(a), and a point, (a, f (a)) on the line.
Equation of tangent linetoy = f(x) at (a, f(a)):

y—fla) = f(a)(x - a)

Ex. Find an equation of the tangent linetoy = 4x? — 12x at the point

(2,—8). Inthisexample, a = 2.

Slope of the tangent line=M;gq,, = f'(2) = ]irr% f(x;—]ZC(Z)
xX— -

4x2-12x—(-8)

= lim
x—2 X—2
. 4x%-12x+8
= lim
x—2 x—2
. 4(x%-3x+2
= lim ( )
xX—2 xX—2
; 4(x—-2)(x—1
— lim ( )( )
x—2 x—2
=lim4(x —1) = 4.
xX—2

So the slope of the tangent line at (2, —8) is 4 and an equation of the tangent
lineis

y+8=4(x—2).



An alternative form of the slope of the tangent line can be gotten as follows:

(a+h,f(a+h))

>

(a,f(a))

=

f(a+h)—f(a)
Mgee = h

/ . fla+h)-f(a)
and My, = f'(@) = }zl—{l(} h -



Ex. Find the slope of the tangent line to f(x) = x3 — 2x + 4 at the point

(1,3). Find and equation for the tangent line at (1,3).

f(a+h)—f(a)
h 7

f'(a) = }llrr(l) (herea = 1)

/ o fA+h)-f(1)
f'(1) = lim -

) 1+h)3-2(1+h)+4-3
==11nl( ) ( )
h—0 h

. (1+3h+3h%+h3)-2-2h+1
= lim
h—0 h

. h3+3h%+h
= lim——

h—0 h
h(h?+3h+1)

= lim
h—-0

=lim (h> + 3h+ 1) = 1.
h—-0

Equation of tangent line at (1,3): y—f(D)=f"(Dx-1)
y=—3=1(x—-1)

y—3=x-1
y=x+2.



Notice that we could also have done this problem by saying:

f(x)—f(a)
f'(a) = 11m p—
L s pi. X3—2x+4-3
f') —91(13} —
— lim x3-2x+1

x—1 x—1

(x24x-1)(x-1)

= lim
x—-1 x—1
—llrri(x —x+1)=1?-1+1=1.
X—
. 4(2+h)*-32
Ex. If f'(a) = }llrr(l) (2+ }3 , Whatis f(x) and whatis a?

f(x) =4x3, a=2.

The Derivative as a Function

So far we have calculated the derivative of a function at a fixed point X = a.

However, for each point x in the domain of f (x) we can ask if the graph of f(x)

has a unique tangent line at that point and hence f'(x) exists at that point.

Def. The derivative function f’(x) is defined as
. fx+h)—f(x)
'(x) =lim :
f( ) h—-0 h

if this limit exists.




If £ (x) has a derivative at x we say f (x) is differentiable at x. If f'(x) exists
for every x in an interval I we say f (x) is differentiable on I.

Ex. Let f(x) = 4x? — 12x, calculate f’(x) when x is any real number.

fx+h)—f(x) lim 4(x+h)%2-12(x+h)—(4x*-12x)
h—-0 h

f'(x) = lim

4(x%+2hx+h?)-12x—12h-4x2+12x

= lim

h—-0 h

. 4x%2+4+8hx+4h%—-12h—4x>
= lim

h—0 h

. 8hx+4h2-12h . h(8x+4h—12)

= lim = lim

h—-0 h h—-0 h

= }llirr(1)(8x + 4h —12) = 8x — 12,

So f'(x) =8x —12.

Notice that if we plugin x = 2weget: f'(2) = 8(2) — 12 = 4, whichis
the same answer that we got in the first example in this section.

Notation

There are several common notations for the derivative of a function. So far we
have used f’(x). Other common notations are;

o w0 £ n(fe), Y@,

dx’

If we are evaluating the derivative at X = a we can write,

! I} dy af
f(a); y(a); E x=q '’ a x=a "



Ex. Lety = VX
d
a. Compute—y
dx

b. Find an equation of the tangent line to the graph of y = \/E at (9,3).

dx h—0
) x+h—x
— lim (\/W r)(mwz)
R0 Vx+h+vx
— lim ( (x+h)—x )
h—>0 h(‘vx+ +Vx)
- ;lllqo(h(\/x+ +\/_))

= lim( )= —.
h=0 (\/x+h+\/§) 2vVx

. . ay Ca 1 _1

b. The slope of the tangent line at (9,3) is . Whenx =9,ie, —==z.
1

Hence an equation of the tangent line is: y—3= p (x —9).

1 ) . . 1
Ex. Let g(t) = -, findg (t) and an equation of the tangent line at (S’E)'

g/(t) — lim g(t+h)—g(t)

h—0 h
11
— llm t+h t
h—-0
1.1 1
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e 1t=(t+R)
= m e | ano!
= lim - [———]
" hooh LE+n)(©)
= lim = [—2—]
h—0 h ~(t+h)(t)
= lim][ —1
h—>0 (t+h)(t)

1
1=-%.

So g'(t) = ——.

tZ

. 1\. _ 1 _ 1
Slope of tangent line at (5, 5) isg'(5) = == T3

1 1 1
Equation of tangent line at (5,5): Y= = 5 (x —5).

Ex. Let f(x) = % . Find f'(x) and an equation for the tangent line at (2,3).

f(x+h)—f(x)

, )
x) = lim
f() = lim FE20
12 12
— lim (x+h)2 x2
h—>0 h
12
= lim - — =
h—0h ((x+h)2 x2

— lim 22 % —(x+h)2)
h—>0 h (x+h)2%x2
12 ,x%2—(x?+2hx+h?)

= lim
h—>0 h (x+h)2%x2 )
— lim 22 2hx—h2)
T h50 h “(x+h)2x2
12 , h(-2x—h)

- }l—>0 h ((x+h)2x2)

L (—2x—h) 24x 24
- }ll_r>r(1) 12 ((x+h)2x2) '



Slope of tangent line at (2,3) is f'(2) = — =

Equation of tangent lineat (2,3): y — 3
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