Area Between Curves

So far we have used a definite integral to find the area trapped between the
graph of a function f(x) and the x axis.

Area= [V |f(x)]dx

Def. Suppose that f and g are continuous functions with f(x) = g(x) on the
interval [a, b]. The area of the region bounded by the graphs of f and g on [a, b]
is

Area= [2(f(x) — g(x))dx
\




To find the area bounded by 2 curves y = f(x) and y = g(x) we want to
integrate the “top” curve minus the “bottom” curve. So in general, to find the
area between 2 curves y = f(x) and y = g(x) (i.e., it may not be the case that

f(x) = g(x)) on [a, b]):

area= [} |f(x) — g(x)|dx

y=fx) T /

Area= fac(f(x) —g(x))dx + fcb(g(x) — f(x))dx



Ex. Find the area of the region bounded by the graphs of y = x? and y = x.

Start by sketching a graph of the two curves.

y=x — u
Ly =x"
L 0 1
Next find their points of intersection.
x?=x
x2—x=0
x(x—1)=0 = x=0,1.
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Ex. Find the area of the region bounded by the graphs of y = v/x and y = x.
Start by sketching the curves (you need to know which is the top curve and which

is the bottom curve).

Now find the intersection the two curves.

Ve =x

x = x2

0=x?—x=x(x—1) = x=0,1.
Area= f:(top curve — bottom curve)dx

= [ (Vx — x)dx

1,0 1
=J, (xz —x) dx
2 E 1 5 x=1
= Cx2 = 3x?)
3 2 x=0




Ex. Find the area of the region bounded by the graphs of y = x2, y = (x — 2)?,
x=0,x=3.

Again, start by sketching the graphs.

0 y = x? y = (x — 2)2 3

We need to find the intersection of y = x2, y = (x — 2)? to determine for what
values of x y = x? is the “top” curve and for what values of x y = (x — 2)?is
the top curve.

x? = (x — 2)?
x>’ =x*>—4x+4
0=—-4x+4; whichmeans 4x =4 or x = 1.

So y = (x —2)?%isthe top curve for 0 < x < 1andy = x? is the top curve
forl <x <3.

Area= [ ((x — 2)? —x®)dx + [, (x* — (x — 2)*)dx
= fol(x2 —4x + 4 — x*)dx + flg(x2 — (x?2 —4x + 4))dx

= fol(—4x + 4)dx + f13(4x —4)dx



= (—2x? + 4x) |(1) + (2x% — 4x) ﬁ

= [(—2(1)% + 4(1))— (—2(0)* + 4(0))]
+[(2(3)2 - 4(3)) — (2(1)? - 4(D))]
=(-24+4)-0+[(18-12)—-(2—-4)] =2+ (6+2) =10.

Ex. Find the area of the region in the first quadrant bounded by the graphs of
y=12—x2, y=4x, andy = x.

Start by graphing each curve.

S

ly =12 — x?

4x/-
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Points of intersection betweeny = 12 — x%and y = 4x:
12 — x? = 4x

0=ux%+4x—12

O=(x+6)(x—2)

X = —6, 2, butonly x = 2 is in the first quadrant.



Points of intersection betweeny = 12 — x%and y = x:
12—x%=x

0=x?+x—12

0=((x+4)(x—3)

x = —4,3, butonlyx = 3isin the first quadrant.

Soy = 4x is the top curve and y = x is the bottom curve for 0 < x < 2.

y = 12 — x? is the top curve and Y = x is the bottom curve for 2 < x < 3.

Area= f02(4x — x)dx + f23((12 —x?) —x)dx
— foz 3xdx + f23(12 —x? — x)dx
= (gxz) |(2) + (12x —§x3 —%xz) B
= @y -202) +1(12 -3 -1 3Y)
~(12(2) — £ (2%) — 5 (22)]
=(6-0)+[(36-9-3) - (24-2-2)]
135 116 _ 55

=6+ (3) =6+ - =7



Area of a Region between x = f(y) and x = g(y)

Def. Suppose that f and g are continuous functions with f(y) = g(y) on an
interval [c,d]. The area of the region bounded by the graphs x = f(y) and
x=g)on|[cd]is

Area= fcd(f(J’) - g(y))dy
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To find the area bounded by any 2 continuous curves x = f(y) and x = g(y)

we want to integrate the curve “furthest to the right” minus the curve “furthest
to the left”. This is equivalent to:

Area= [ |f(») — g(»)dy.
x=fo)|  Area=f (g — f())dy +
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Ex. Find the area of the region in the first quadrant bounded by the curves
y=+xandy =x — 6.
Start by sketching the graphs.

y=4x, or x=y% y=0

e

Yy=x—60or x =Yy -
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Notice that this problem can be done as 2 curves y = f(x) and y = g(x) OR
x = f(y)and x = g(y). It's easier the second way because we can do it with one
integral instead of 2.

>

2

y = +/x is the same as x = y? in the first quadrant, y = x — 6 is the same as

x=y+6.

Find the intersection in the first quadrant of x = y?and x = y + 6.
y =y+6
y2—y—-6=0
y-=3)y+2)=0
y = 3,—2 butonly y = 3 isin the first quadrant.

Sox =y + 6 is the curve farthest to the right betweeny = 0 and y = 3.
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3 3
Area= [((y +6) —y?)dy = [ (=y* +y + 6)dy
_ 13,12 3
=—-3Yy + >y + 6y |O
= (-36) 4269 +6(3)) - (-3(0%) +2 (0% + 6(0))
=(-9+2+18)-0=2"
2 2
Ex. Write down (but don’t evaluate) integrals that represent the area bounded by

thecurves y =x2—6x, y=3x—18, and y = 0 (i.e. the x axis) first in
terms of x, and then in terms of y. Start by drawing the region.

\
0
A
y = x% — 64 o)\
x=3=y}9
__y+18

\,/V/
(3,-9)

Find the points of intersection betweeny = x? — 6x,y = 3x — 18 and y = 0:
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x* —6x =3x—18
x> —9x+18=0
(x—3)(x—6)=0 = x=23,6.

,—9), (6,0) are points of intersection between y = x* — 6x an = 3x — 18.
(3,—9), (6,0) i fi ion b y 2-6 dy=3 18

y = x%2 —6xandy = 0 intersect whenx? —6x =0 = x = 0, 6.

(0,0), (6,0) are points of intersection.

y =3x—18andy = O intersect when3x —18 =0 = x = 6.

(6,0) is the point of intersection.

In terms of x: Betweenx = 0and x = 3, thetop curveis y = 0 and the
bottom curveis y = x? — 6x. Betweenx = 3 and x = 6 thetop curveisy =0

and the bottom curve is y = 3x — 18.

Area of region= fOS(O — (x? —6x))dx + f:(O — (3x —18) dx

3 6
= [, (=x* + 6x)dx + [, (=3x + 18)dx.

In terms of y: First we need the curve written x = f(y) and x = g(y). Let’s
start with: y = 3x — 18. Solving for x in terms of y we get:

+18
y+18 _ .

y+18=3x = 3

Now for y = x? — 6x we need to complete the square first.



y=x*—6x+9)—9
y=(x-3)-9
y+9=(x—3)*
+/y+9=x-3
3+./y+9=x.
But from the graph we can see that x is between O and 3, so

3—Jy+9=x.

y+18
3

The curve furthest to the rightis: x =

The curve furthest to the leftis: x =3 —,/y+9

Area of region=f;==_09[L318 — (B =y +9)]dy.
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