The Substitution Rule

Not every differentiable function has an elementary antiderivative. For example,
there is no elementary function for f Sin(xz) dx. We know a handful of basic
antiderivatives (e.g. fx"dx, n+-—1, f(sinax)dx, etc.). So far we have tried
to turn all of our indefinite integral problems into sums, differences, and constant
multiples of these basic antiderivatives. In this section we will learn to make
substitutions in indefinite integrals that will turn some integrands into sums,
differences, and constant multiples of the basic antiderivatives we know.

Suppose we have a composite function F(g(x)), where F(x) is an antiderivative
of f(x),i.e. F'(x) = f(x) and [ f(x)dx = F(x) + C. [ For example, F(x) = x*,
g(x) =x?+1,and f(x) = 4x3. So F(g(x)) = (x® + 1)*.] By the chain rule:

L p(g() = F'(9())g' () = £(9(0)g' ().
Thus we have ff(g(x))g’(x)dx = F(g(x)) +C.

In other words, faced with an integral that looks like ff(g (x))g'(x)dx (for
example [ 4(x? + 1)3(2x)dx) we can make a substitution

u=g(x)
du = g'(x)dx

and [ f(g(x))g’ (x)dx becomes [ f(u)du = F(w) + C = F(g(x)) + C.



Ex. Evaluate [ 4(x? + 1)3(2x)dx.

let u=x%*+1
du = 2xdx

So the integral becomes:

[4(x? + 1)3(2x)dx = [ 4udu
=u*+C
=@ +D*+C

Notice%((xz + D4 +0) = 4(x% + 1)3(2x).

Ex. Evaluate [ 3x%(x3 + 4)° dx.

let u=x3+4
du = 3x2%dx

Now substituting into the integral:
1
Jubdu=zu"+C

=%@3+®7+0



Ex. Evaluate [ 3x? sin(x3) dx.

Lletu = x3
du = 3x%dx
[ 3x?sin(x?®) dx = [(sinu) du
= —cosu+C

= —cos(x3) + C.

Ex. Evaluate [ x?%(x> + 3)'%dx.

Notice that x? is not quite the derivative of x3 + 3, but it is up to a constant
multple. That’s close enough.

let u=x3+3
du = 3x%dx
gdu = x%dx
[x?(x3 +3)%gx = [ul? (%) du
= %fulodu

@)

= — (P +3)+C



1
Ex. Evaluate [ = dx

dx = [(5x + 2)_%dx

1
f\/5x+2
let u=05x+2

du = 5dx

Zdu = dx
5

_1 1n
f(5x +2)72dx = [uz () du

=lfu_%du

5
1

=%(2u5)+C

2 1
=Z(5x+2)2+C

dx.

3x
Ex. Evaluate f\/ﬁ
—-X

[ 7=

dx [3x(1—x%)"2 2 dx

let u=1-—x2
du = —2xdx

—ldu = xdx
2



[3x(1 - xz)_% dx = f3u_% (—1) du

2

3 1
=—>fu2du

- (2)(au) v

1
=-3(1-x%)z+C

Ex. Evaluate [ sin2x(cos'®2x)dx

let U = cos2x
du = (—2sin2x)dx

— % du = (sin2x)dx

1
[ sin2x(cos°2x)dx = [ul® (— 5) du
= —%fulodu

= —l(i)ull +C
2 \11

1

= —Z(COSZX)H +C.

1
= ——cos!12x + C.
22



Ex. Evaluate [ xvx + 7dx

letu =x+ 7 andthus x =u —7.
du = dx
1
[xvVx + 7dx = [(u — 7)uzdu now multiply
3 1
= [(uz — 7uz)du
5 3
= %uﬁ — 7(§u5) +C

5 3
=S+ 7 (x+7)2+C

V 3
x

4) 3dx

et u=x—4 = x=u-+4

du = dx
1 1
[2x(x —4)3dx = [ 2(u + 4)u"3du now multiply
2 _1
= 2f(u3 + 4u S)du
5 2
2( u3+4() 5)+C

2
=§(x—4)§+12(x—4)§+c.



Definite Integrals: Changing the endpoints

=2
Ex. Evaluate f;zo xVx? + 5dx

Approach #1: Letu = x2 + 5; whenx = 0, thenu = 0> +5 =5,

du = 2xdx whenx = 2, thenu =224+5=9
ldu = dx
2
x=2 u=9, 1/1 172\ 3¥2 4 3 3
Jo—g xVx?2 +5dx = [~ (u)> (E) du = E(E) wr| = 5 (92 - 52)
1 3
=3 (27 — 52)

OR Approach #2

Evaluate the indefinite integral completely and then substitute the original
endpoints of integration.

fajcjozx“xz + 5dx ; Evaluate [ xVx? + 5dx first.

Let u=x%+5
du = 2xdx
ldu=dx
2

1n1 1/2\ 3
[ xVx? + 5dx = [uz (E)du =§(§)u2
1 3
=-uz+C
3

1 3
=§(x2+5)z+c

3, X=2

_ 3 3 3
So [X 2 xVaZ ¥5dx =22 +5)  =1(9i-52) =127 -52),

x=0



Ex. Evaluate flz x(x? —2)3dx

#1: Letu=x*—2; whenx=1, thenu=1*-2=-1
du = 2xdx ; when x =2, thenu=2%2-2=2

ldu = xdx
2
=2 =2 1
[ x(x?=2)%dx = [[_7 u® () du

u=2
u=-1

=:(3)v]
2 \4 u=-1
1

=@ - (DY =7

1
== ud du

#2: Evaluate [ x(x? — 2)3dx first.

Letu = x2 — 2

du = 2xdx
%du = xdx
[x(x*=2)dx = [u® G) du
= %fu3du

_1(1 24 _ 1. 2 o\
—2(4u)+C—8(x 2)* 4+ C

hfzx(xz __2)3dx.::l(x2 __2)4|x=2
1 8 x=1

=2[(@2 -2t - (12-2)4 ==



% sino
Ex. Evaluate f04

do

cos30

T

#1: Joo CSOL:SG do = [,_;(sinf)(cosf)>df
Let u = cos0; when 8 =0, cos6 =1
du = —sin6do when 6 = %, cosf = g
—du = sin6deo
6=4 u=2 1 ey
f (sinB)(cosH)3dO = j u3(—1)du =-u"?
6=0 u=1 2 u=1

1 1 1 1 1
=z<«z2‘1—z>=z(2—1)=2-
)

sin@
cos30

do first.

H2: Evaluatef

f sinf

df = [(sin8)(cosd)~3do

cos30

Let u = cos®@;
du = —sin6do
—du = sin6d6

f Sind d6 = [(sinf)(cos0)3dO = [u3(—1)du

cos30

—-u24C
2



0=

T
— sin@ 1
4 . -2
So fo p——y do = - (cos0) |

© &3

0=

1 1 1 1 1
T2 ((cos )2 (cos (0))2) =;2-D =3

[ sin®x dx and [ cos®x dx

We need the following identities for these integrals

. 2 1—-cos2x 2 1+cos2x
sin®x =——— cos?x = ———
2 2
. 9 1-cos2x 1 1
[sin?xdx = [ ———dx = [~dx — = [ cos2xdx
2 2
1 .
=-X—3 (—stx)
11,
=-x —-sin2x + C.
2" 4
1+cos2x 1 1
[cos?xdx = [——dx = J5dx + [ cos2xdx

= lx +l(lsin2x) + C
2 2 \2

lx +lsin2x + C.
2 4



T
Ex. Evaluate [? 8sin®x dx.

J28sin®xdx =8 [? (% — %cost) dx

A
xX==

1 1,
= 8(Ex — ZSLTLZX) o

~ g [G - isinn) - (0)] = 2.

Vs
Ex. Evaluate fog 24cos?(x)dx.

624c0s2(x)dx = 24 [© (= + = cos2x ) dx
0 o\z ' 2

= 24(%x + isian)

xX=
x=0

=241(3(8) +35m (2(3)) - G +simo)

= 24[(Z+, (sin (g)) ~ 0]

=24 +5(5)

= 21 + 3/3.

11



