More Properties of Integrals

Integrating Even and Odd Functions:

Def. Afunction is even if f(—x) = f(x). A function is odd if
f(=x) = —f(x).
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Ex. Determine whether each of the functions is even, odd, or neither.

a. f(x) = x>+ 2x3

b. f(x) =x°>+2x3+1
1

¢ fx) = x4+2x2+1

d. f(x) = sin3x

)

. f(x) = cos3x

a. f(=x)=(=x)°+2(—x)3 = —x> —2x3 = —f(x); odd.
(=)= (=) +2(—x)3+1=—x>—2x3 + 1; neither.

¢. f(—x)= - -

(—0)*+2(—x)?%+1 - x*+2x2%+1
d. f(—x) = sin3(—x) = (sin(—x))3 = (—sinx)?3
= —sin®x = —f(x); odd.

e. f(—x) = cos3(—x) = (cos(—x))3 = (cosx)® = f(x); even.

(o

= f(x); even.



Theorem: Let a be a positive real number and let f be an integrable function on
the interval [—a, a].

If f is even then f_aaf(x)dx =2 foaf(x)dx
If f is odd then f_aaf(x)dx = 0.
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Ex. Evaluate the following definite integrals using symmetry (f odd/even).

a. f_22(2x3 — 3x3)dx

b. [Z%(2sin®x — 3cosx)dx
2
3 sin (4x)

f—3 x6+3 dx

d. [°,(3+Ix]dx

a. f_22(2x3 — 3x2)dx=2 f_zz x3dx — 3 f_zz x%dx
x3 is odd and x? is even so

=0-3(2) [, x?dx

= 6(§x3) |(2) = 2(23 - 0%) = 16.
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b. [2:(2sin3x — 3cosx)dx = 2 [ sin3xdx — 3 [?*; cosxdx
2 2 2
sin3x is odd and cosX is even so

=0 —3(2) J2 cosxdx

= —6(sinx)|g/2

= —6|(sin%) — sin0]

=—6(1—-0) = —6.
3 sin (4x) _ . ... sin(-4x) _ sin(4x)  sin(4x)
C. f_g 643 dx = 0; since (2643 = 613 613 is odd.

d. 23+ |xl)dx; iff(x) =3+ |x| then
f(=x) =3+ |-x[=3+|x| = f(x)
so f(x) is even.

2,3+ IxDdx = 2 fZ(3 + [x[)dx = 2 [/(3 + x)dx; since 0 < x.
=2 (Bx +%x2) |(2)
= 2[(32) +5(2?) = (3(0) +5 (0?)]

= 2(6+2)
= 16.
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Ex. Suppose we know that f_gf(x)dx = 4.

a. If f(—x) = f(x) evaluate f_33f(x)dx
b. If f(—x) = —f(x) evaluate f_33f(x)dx.

a. f_33f(x)dx = 2f_03f(x)dx =2(4) =38

b. f_33f(x)dx = 0; since f(x) is odd.

Average Value of a Function

The average value of n number Y1, V5, ... Yy is:

__ Y1tYotyzttyn
Yave = n

Now take an interval [a, b] and divide it into n equal subintervals
[x0, 211, [%1, X2 ], 000 [Xn—1, X0 ]-

If we take right endpoints of a function y = f(x) we have:
fx1)+f Qo)+ +f (xn)

n

Ave Value of f(x) =
y=f(

fave




Now multiply the top and bottom by (b — a):

(f Ge) + FO) + 4 f ) (b — @, b-a

Ave Value of f(x) = " T

b_
SII’ICET = Ax, we have

Ave Value of f(x) = ;

Ave Value of f(x) = b—ia ((f(xl) + f(xy) + -+ f(xn))Ax.

We define the average value of the function f (x) over the interval [a, b] to be:

Ave Value of f(x) = hmon (fCxp) + fx) + - + f(xp))Ax

Ave Value of f(x) = f = —f f(x)dx.

Ex. The surface of a water wave is described by y = 5(1 + cosx),
for = < x < m. Find the average height of the wave on [—TT, TT].

= —f f(x)dx =
— E (5) f_ﬂn(l + cosx)dx

= %(x + sinx) |_ﬂ
_ % [(m + sinm) — (= + sin(—m))]
=~ (2m) =5.



Ex. Find the average distance of points on the parabola y = 3x2 + 2x from the
x axiswhen 1 < x < 4.

Since1 < x < 4, the y values on the
parabola are all positive. Thus the distance
to the X axis is just the y coordinate.

; — 1 (%32
Average Distance= —— f1 (3x“ + 2x)dx

_ 1.3 2y |4
—3(x +x)|1

=3 [(#% +47) = (17 +17)]

=2[(64+16) — (1 + 1)] /

=2(78) = 26.

Mean Value Theorem for Integrals: Let f be continuous on [a, b]. Then

there exists a point ¢ in (a, b) suchthat: f(c) = f = leaf: f(t)dt.

y=f(x)




Proof: Let F(x) = f;f(t)dt.

F (x) is continuous on [a, b] and differentiable on (a, b) and therefore satisfies

the Mean Value Theorem.

Thus there exists a ¢ in (a, b) such that
F(b)—F(a)

Flle) ===

But F(b) — F(a) = [, f()dt, and F'(c) = f(c), so

flo) == [ f(t)at.

Ex. Find the point(s) in the interval (0,1) at which f(x) = 2x(1 — x) equals

its average value on [0,1].

= 1 (1 2x3, |1
fzﬁfo 2x(1—x)dx=(x2—%) |0 =

1
3

So we must find a point x in (0,1) such that f(x) = % :

Using the quadratic formula:

.= 21\/(—2)2_4(2)@ _ Zi\/g _ 1J_F\E.
2

2(2) 4
So there are 2 points:

1
1—\E 1+
2 2

~ 0.211, x=

X =

1
3

)

y=2x(1-x)

~ 0.789.

0 .211

.789




Ex. Find the point(s) in the interval (0,2) at which f(x) = x3 equals its average
value on [0,2].

1 1
— [ x3dx
2-070

=30 1§

= (3x*) |(2) =-(2*- 0% =2

f

So we need to find all points in the interval (0,2) such that:

f)=x3=2 = x=172




