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                                The Fundamental Theorem of Calculus 

 

Let  𝐴(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 ;  𝑥 ≥ 𝑎 be the “net area” function for 𝑓(𝑡). 

 

 

 

 

 

 

 

 

 

 

𝐴(𝑏) = ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
 ,            𝐴(𝑐) = ∫ 𝑓(𝑡)𝑑𝑡

𝑐

𝑎
 ,             𝐴(𝑑) = ∫ 𝑓(𝑡)𝑑𝑡.

𝑑

𝑎
    

 

Ex.  Suppose the graph of 𝑓(𝑡) is given below and 𝑎 = 0.  

 

 

 

 

 

 

 

 

 

𝑦 = 𝑓(𝑡) 

𝑎 𝑏 𝑐 𝑑 

(0,0) 

(1,4) (2,4) 

(4, −4) (5, −4) 

𝑦 = 𝑓(𝑡) 
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Find 𝐴(1), 𝐴(2), 𝐴(3), 𝐴(4), 𝐴(5). 

𝐴(1) = ∫ 𝑓(𝑡)𝑑𝑡 =
1

2
(1)(4) = 2

1

0
  

𝐴(2) = ∫ 𝑓(𝑡)𝑑𝑡 = 2 + 1(4) = 6
2

0
  

𝐴(3) = ∫ 𝑓(𝑡)𝑑𝑡 = 6 +
1

2
(1)(4) = 8

3

0
  

𝐴(4) = ∫ 𝑓(𝑡)𝑑𝑡 = 8 −
1

2
(1)(4) = 6

4

0
  

𝐴(5) = ∫ 𝑓(𝑡)𝑑𝑡 =
5

0
6 − 1(4) = 2.  

 

 

Now we want to find 𝐴′(𝑥). 

𝐴′(𝑥) = lim
ℎ→0

𝐴(𝑥+ℎ)−𝐴(𝑥)

ℎ
 .     

When ℎ is small: 

      𝐴(𝑥 + ℎ) − 𝐴(𝑥) ≈ ℎ𝑓(𝑥)  or  
𝐴(𝑥+ℎ)−𝐴(𝑥)

ℎ
≈ 𝑓(𝑥) ;         

 

 

 

 

 

 

 

 

 𝑎 𝑥 𝑥 + ℎ 

𝐴(𝑥) 

𝑦 = 𝑓(𝑡) 𝐴(𝑥 + ℎ) − 𝐴(𝑥) 
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so now: 

lim
ℎ→0

𝐴(𝑥+ℎ)−𝐴(𝑥)

ℎ
  = lim

ℎ→0
𝑓(𝑥) = 𝑓(𝑥).                           

Thus  𝐴′(𝑥) =
𝑑

𝑑𝑥
∫ 𝑓(𝑡)𝑑𝑡 = 𝑓(𝑥)

𝑥

𝑎
. 

 

Fundamental Theorem of Calculus (part 1) 

If 𝑓 is continuous on [𝑎, 𝑏], then the net area function 

                         𝐴(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
      𝑎 ≤ 𝑥 ≤ 𝑏, 

Is continuous on [𝑎, 𝑏] and differentiable on (𝑎, 𝑏).  The net area function also 

satisfies  

                             𝐴′(𝑥) =
𝑑

𝑑𝑥
∫ 𝑓(𝑡)𝑑𝑡 = 𝑓(𝑥)

𝑥

𝑎
. 

Thus the net area function of 𝑓 is an antiderivative of 𝑓 on [𝑎, 𝑏]. 

 

If 𝐹(𝑥) is any antiderivative of 𝑓, then 𝐹(𝑥) = 𝐴(𝑥) + 𝐶,      𝑎 ≤ 𝑥 ≤ 𝑏. 

Since 𝐴(𝑎) = 0, we have 

       𝐹(𝑏) − 𝐹(𝑎) = (𝐴(𝑏) + 𝐶) − (𝐴(𝑎) + 𝐶) = 𝐴(𝑏) = ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
. 

 

Fundamental Theorem of Calculus (part 2) 

If 𝑓 is continuous on [𝑎, 𝑏] and 𝐹 is any antiderivative of 𝑓 on [𝑎, 𝑏], then 

                            ∫ 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎)
𝑏

𝑎
. 
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Now we have a much simpler way to evaluate definite integrals (rather than 

evaluating that complicated limit).  We just need to find any antiderivative 𝐹(𝑥) 

of 𝑓(𝑥), Evaluate 𝐹 at 𝑏 and 𝑎 and subtract.    

Ex.  Evaluate 

a.  ∫ (𝑥2 + 2𝑥)𝑑𝑥
3

0
 

 

b. ∫ 𝑥 (√𝑥
3

+
1

√𝑥5
) 𝑑𝑥

2

1
  

 

a.    To evaluate ∫ (𝑥2 + 2𝑥)𝑑𝑥
3

0
 we need an antiderivative of 

   𝑓(𝑥) = 𝑥2 + 2𝑥.  In this case,  𝐹(𝑥) =
1

3
𝑥3 + 𝑥2 works. 

∫ (𝑥2 + 2𝑥)𝑑𝑥
3

0
= (

1

3
𝑥3 + 𝑥2) |𝑥=0

𝑥=3                                                               

                          = (
1

3
(3)3 + 32) − (

1

3
(0)3 + 02) = 9 + 9 = 18. 

                                                                             

b.     ∫ 𝑥 (√𝑥
3

+
1

√𝑥5
) 𝑑𝑥 = ∫ 𝑥 (𝑥

1

3 + 𝑥−
5

2) 𝑑𝑥 = ∫ (𝑥
4

3 + 𝑥−
3

2)𝑑𝑥
2

1

2

1

2

1
  

To evaluate the last integral we need an antiderivative for  

 𝑓(𝑥) = 𝑥
4

3 + 𝑥−
3

2.  In this case ,  𝐹(𝑥) =
3

7
𝑥

7

3 − 2𝑥−
1

2 works. 

 

∫ (𝑥
4

3 + 𝑥−
3

2)𝑑𝑥
2

1
= (

3

7
𝑥

7

3 − 2𝑥−
1

2) |𝑥=1
𝑥=2     

 

                               = (
3

7
(2)

7

3 − 2(2)−
1

2) − (
3

7
(1)

7

3 − 2(1)−
1

2)    

 

                               =
3

7
(2)

7

3 −
2

√2
− (

3

7
− 2)  =

3

7
(2)

7

3 − √2 +
11

7
   

 

∫ 𝑥 (√𝑥
3

+
1

√𝑥5
) 𝑑𝑥

2

1
=

3

7
(2)

7

3 − √2 +
11

7
 . 
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Ex.  Evaluate ∫ 𝑠𝑖𝑛𝑥𝑑𝑥
𝜋

0
 

 

We need an antiderivative of 𝑓(𝑥) = 𝑠𝑖𝑛𝑥.  𝐹(𝑥) = −𝑐𝑜𝑠𝑥  works. 

           ∫ 𝑠𝑖𝑛𝑥𝑑𝑥 =
𝜋

0
− (𝑐𝑜𝑠𝑥)|0

𝜋      

                                  = −[𝑐𝑜𝑠𝜋 − 𝑐𝑜𝑠0] 

                                  = −[−1 − 1] 

                                  = 2. 

 

 

Ex.  Evaluate ∫
1+𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥

𝜋

2
𝜋

4

𝑑𝑥 

 

 ∫
1+𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥

𝜋

2
𝜋

4

𝑑𝑥 = ∫ (
1

𝑠𝑖𝑛2𝑥
+

𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥
)

𝜋

2
𝜋

4

𝑑𝑥  = ∫ (𝑐𝑠𝑐2𝑥 + 1)
𝜋

2
𝜋

4

𝑑𝑥   

 

 

 So we need to find an antiderivative for 𝑓(𝑥) = 𝑐𝑠𝑐2𝑥 + 1. 

𝐹(𝑥) = −𝑐𝑜𝑡𝑥 + 𝑥 works.         

 

 ∫
1+𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛2𝑥

𝜋

2
𝜋

4

𝑑𝑥 = ∫ (𝑐𝑠𝑐2𝑥 + 1)
𝜋

2
𝜋

4

𝑑𝑥 = (−𝑐𝑜𝑡𝑥 + 𝑥|𝜋/4
𝜋/2

   

 

                             = (− cot (
𝜋

2
) +

𝜋

2
) − (− cot (

𝜋

4
) +

𝜋

4
)  

 

                              = (0 +
𝜋

2
) − (−1 +

𝜋

4
) = 1 +

𝜋

4
 . 
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The first part of the Fundamental theorem of Calculus allows us to take 

derivatives of “net area” functions. That is, functions where the unknown is one 

(or both) endpoints of a definite integral. 

                                     
𝑑

𝑑𝑥
∫ 𝑓(𝑡)𝑑𝑡 = 𝑓(𝑥)

𝑥

𝑎
. 

 

 
Ex.  Find the derivatives of the following functions: 

a. 𝑔(𝑥) = ∫ √1 + 𝑡4𝑑𝑡
𝑥

−2
 

b. ℎ(𝑥) = ∫ 𝑠𝑖𝑛2 (
𝜋𝑡2

2
) 𝑑𝑡

𝑥

5
 

c. 𝑔(𝑥) = ∫ √1 + 𝑡4𝑑𝑡
−2

𝑥
 

d. ℎ(𝑥) = ∫ (𝑠𝑒𝑐𝑡)𝑑𝑡
𝑥3

0
 

e. 𝑔(𝑥) = ∫ √1 + 𝑡24
𝑑𝑡

𝜋

𝑠𝑖𝑛𝑥
 

 

a. 𝑔′(𝑥) =
𝑑

𝑑𝑥
∫ √1 + 𝑡4𝑑𝑡

𝑥

−2
= √1 + 𝑥4;  since   𝑓(𝑡) = √1 + 𝑡4   

 

b. ℎ′(𝑥) =
𝑑

𝑑𝑥
∫ 𝑠𝑖𝑛2 (

𝜋𝑡2

2
) 𝑑𝑡 = 𝑠𝑖𝑛2 (

𝜋𝑥2

2
)

𝑥

5
;       𝑓(𝑡) = 𝑠𝑖𝑛2 (

𝜋𝑡2

2
) 

 

 

c.  𝑔(𝑥) = ∫ √1 + 𝑡4𝑑𝑡
−2

𝑥
= − ∫ √1 + 𝑡4𝑑𝑡

𝑥

−2
;  

                So            𝑔′(𝑥) = −√1 + 𝑥4.   

 

 

d. ℎ(𝑥) = ∫ (𝑠𝑒𝑐𝑡)𝑑𝑡
𝑥3

0
;  Let 𝑢 = 𝑥3, so 𝑦 = ℎ(𝑢) = ∫ (𝑠𝑒𝑐𝑡)𝑑𝑡

𝑢

0
 

By the chain rule:    
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢

𝑑𝑢

𝑑𝑥
 = (𝑠𝑒𝑐𝑢)(3𝑥2) 

                                                      = (sec (𝑥3))(3𝑥2);  so 

ℎ′(𝑥) = (sec (𝑥3))(3𝑥2).  
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e. 𝑔(𝑥) = ∫ √1 + 𝑡2𝑑𝑡
4𝜋

𝑠𝑖𝑛𝑥
= − ∫  √1 + 𝑡24

𝑑𝑡
𝑠𝑖𝑛𝑥

𝜋
;  

 

  Let 𝑢 = 𝑠𝑖𝑛𝑥; 

  𝑦 = 𝑔(𝑢) = − ∫  √1 + 𝑡24
𝑑𝑡

𝑢

𝜋
  

 

 By the chain rule:  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢

𝑑𝑢

𝑑𝑥
 = −(√1 + 𝑢24

)(𝑐𝑜𝑠𝑥) 

                                                     = −(√1 + 𝑠𝑖𝑛2𝑥
4

)(𝑐𝑜𝑠𝑥) ;  

 

    So    𝑔′(𝑥) = −(√1 + 𝑠𝑖𝑛2𝑥
4

)(𝑐𝑜𝑠𝑥).  


