Position

The Concept of a Limit

Displacement

Average Velocity—= Time

Ex. Adriver leaves city A and drives 150 miles to city B. If the driver leaves city A
at 2pm and arrives at city B at 5pm, find the average velocity.

150miles

s = 50mph

Average Velocity=

If the position of an object at time t is given by S(t), then the average velocity
for t; < t < t, is given by:

_ S(t2)—-S(t1)
Vave = t—t,

Notice that the average velocity is the slope of the secant line for S(t) between

t; and 5.

Ly = S(V t2,S(t2))
4 y \
' S(ty) — S(ty)
vave - t _ t
(tll (tl)) 2 1
/ \ =slope of secant line
. tl tz



Ex. A projectile is launched vertically upward at 128 ft/sec . Neglecting air

resistance, the height of the projectile in feet above the ground after time

t > 0isgivenby S(t) = —16t2% + 128t,

0<t<8sec.

a. Find the average velocity betweent = 1 sec and t = 4 sec.
b. Find the average velocity betweent = 1 sec and t = 2 sec.
c. Find the average velocity betweent = 1 sec and t = 7 sec.

256)

Position

_ S(t2)—S(t1) _

_S(4) - 5(1)
Vave = T

S(4)-5(1) _ 256-112

274

= 48 ft/sec.

S(t2)—-S(t1) _

4-1 4-1

S(2)-S(1) _ 192-112

b. For 1 <t <2, Vgpe = —
2—t

= 80ft/sec.

_ S(t2)—-5(t1) _

2-1 1

S(7)-s(1) _ 112-112

tr—t1

7-1 4



We define the Instantaneous Velocity at t; to be the “limit” of the average
velocities as t, approaches t;. This will be the slope of the tangent line to S(t) at

t.

F—

(t1,5 7, \

Vinst =Slope of tangentlineatt =t;

//l A

Position

e i SO =S
inst — t—t, t—t,

Time

In the previous example we have:

For 1<t <4, Vave = 48 ft/sec

For 1<t <2, Vave = 80 ft/sec

_ 5(1.01)-5(1)

_ S(1.1)-5(1)
1.1-1

1.01-1

=94.4 ft/sec

= 95.84 ft/sec.



Approaching t = 1 from the left we get:

S(1)-5(0) 112-0
For 0 <t<1, Vave = o 1

= 112 ft/sec

S(1)-5(0.9) 112-102.24
For 09<t<1, Ugpe = =

= 97.6 ft/sec

1-0.9 0.1
For 0.99 < ¢ < 1, Vgpe = 220N = 22 — 96 16 ft/sec.

We will see that for this example

. 1 S()-5(1)
Vinst = Mggn = ltl_r}} t—1

=96 ft/sec.
In general, if we want the average velocityon [1,1 4+ h],i.e., 1<t <1+ h,
we would get:

v = S(1+h)-S(1) _ -16(1+h)?>+128(1+h)—112
ave = (1+h)-1 h

_ —16(1+2h+h?)+128+128h—112

h
__ —32h-16h%+128h
h
96h—16h?
- h
= MO _ 96— 16,

If fact, this is the answerevenif h < 0,ie.1+h <t < 1.

_ o S(O=-SA) . S(A+h)—S(1)
Vinst = Mtan _ltl_l}} 1 _;g% (1+h)—1

=96 ft/sec.



There’s nothing special about t = 1 sec in this example. We could ask for the
instantaneous velocity for any time t, 0 <t < 8 sec. For example, using
t = 2 sec we get:

_ 5(3)-S(2) _ (240-192)

[2,3], Vave =~ T = 48 ft/sec

[2,2.1], Vape = 5(223:2(2) = 198'?1_192 = 62.4 ft/sec
2201] Vgpe = > Q;’;i:i (2) _ 192'6?:14_192 — 63.84 ft/sec
Vinst = Mean = lg_{g% = 64 ft/sec.

Ex. Find the average velocity in the previous example on the interval [2, 2 + h].

__ S(2+h)-S(2) _ —16(2+h)?+128(2+h)—192
ave = (2+h)-2 h

—16(4+4h+h?)+256+128h—192
h

—64h—16h%+128h
h

__ 64h—16h%
N h

= 64 — 16h.
Notice that:

_ 1 S®)=S(2) . SC+R)-SQ2) _ . B B
vinst—lllrzl _— —}ll_I)l”(l) 22 —}ll_r)%(64 16h) = 64.




Ex. Find the slope of the secant line for f(x) = —x? 4+ 2 on the interval:
a. [2,3]
b. [1—h,1]

_f®)-f@) _ (=(3°)+2)-(=@)*+2)

a. m
sec 3-2 1

=(-9+2)-(-4+2)=-7-(-2) =-5.

_ f(D-f(1-h) _ (-(D)?+2)-(-(1-h)?+2)

b. Msec = 1-(1-h) h
_ 1-(—(1-2h+h?)+2)
- h
1-(1+2h—h?) _ —2h+h? _ h(-2+h) _

= . - ——=-2+h.




