Maximum and Minimum Values

Def. A function f(x) has an Absolute Maximum (or Global Maximum) at x = c if

f(c) = f(x) for all x in the domain of f(x). f(c) is called the Maximum Value
of f(x) for all x in the domain of f(x).

A function f (x) has an Absolute Minimum (or Global Minimum) at x = c if

f(c) < f(x) forall x in the domain of f(x). f(c) is called the Minimum Value
of f(x) for all x in the domain of f(x).

The Maximum and Minimum Values of f(x) are called the Extreme Values of

f ().

/ \f(x) has a global maximum at x = 4.

b b 3 e LA
|
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Def. A function f(x) has a Local Maximum (or Relative Maximum) at x = c if
f(c) = f(x) when x is near c.

A function f (x) has a Local Minimum (or Relative Minimum) at x = c if

f(c) < f(x) when x is near c.

(Note: x = ¢ cannot be an endpoint).
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Ex. f(x) = x?% for —o0 < x < 0 has a local and global minimum at x = 0,

but no global or local maximum.
\ /

\ s

\\ //

—3 ~D —1 ol 1 2 3

Ex. f(x) =9 —x? for —3 < x < 3 has alocal and global maximum at
(0,9) and global (but not local) minima at (—3, 0) and (3, 0).
(0,9) Maximum (Global and Local)

(—=3,0) Global Minimum (3,0) Global Minimum



Extreme Value Theorem: If f(x) is a continuous function on a closed interval
a < x < b, then f(x) attains an absolute maximum value f (c) and an

absolute minimum value f'(d) at some numberscanddina < x < b.

fOf -
\ f(x) has a global minimum at x = d.

f(x) has a global maximum at x = c.
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Note: if f(x) is not continuous, or continuous but not on a closed interval, it
need not (but could) take on its absolute maximum and minimum values.

fx)=x ifF0<x<1 or f(x)=x if 0<x<1.

if x =0o0r1.
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Given a function, f(x), our goal is to find all local and global maxima/minima

of f(x).

Local Extreme Value Theorem: If f(x) has a local maximum or minimum at
x = c,andif f’(c) exists, then f’(c) = 0.

Local Maximum /
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Local Minimum

Note 1: Itis possible to have a local maximum or minimum occur when
f'(c) # 0if f'(c)isundefinedatx = c.
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f(x) = |x| has alocal minimum at x = 0,

but f'(0) is undefined.
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Note2: f'(c) =0 # x = c isalocal maximum/minimum.

21

if f(x)=x3 then f'(x) = 3x2.
So f'(0) = 0, butx = 0is not a local

maximum/minimum.
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Def. A Critical Point or Critical Number of a function f (x) is a number c in the
domain of f(x) such that f’(c¢) = 0 or f’(c) doesn’t exist.

Ex. Each of the following functions has a critical point at x = 0:

1. f(x) = x?because f'(x) = 2x = 0 whenx = 0.

\ q/

\ f= x/
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2. f(x) = |x| because f'(0) doesn’t exist, but x = 0 is in the domain of f.

f(x) = |x|




2
3. f(x) = x3 because f'(x) = il so f'(0) doesn’t exist, but x = Qisin
3x3

the domain of f(x).

1
Note: f(x) = o does not have a critical point at x = 0 even though

1
f'(x) = — —isundefined at x = 0 because x = 0 is not in the

1
PR

domain of f(x) =

Theorem If f(x) has a local maximum or minimum at x = ¢, thenx = cisa
critical point of f (x).



Ex. Find the critical points for f (x) = 2x% + 8x + 4.

f'(x) =4x+8=0 = x = —2isthe only critical number for f (x).

Ex. Find the critical points for f (x) = x3 — 3x? — 9x + 1.

fl(x) =3x2—-6x—9
= 3(x? — 2x — 3)
=3(x-3)x+1)=0 = x=3,-1

So the critical points are x = 3, —1.

3 2
Ex. Find the critical points for f(x) = x — S X5,

1

f’(x)=1—x( 3)=0

Yx=1 = x=1. Sox = 1isa critical point.
But f'(x) is undefined at x = 0 and x = 0 is in the domain of f(x),

so x = 0 is also a critical point.



Ex. Find the critical points for f(x) = x + % .

fla)=1-5=0

x2=1 = x=4+1.
So x = =41 are critical points.
f'(x) is undefined at x = 0, but x = 0 is not in the domain of f(x) so

x = 0 is not a critical point.

Finding absolute maxima and minima on a closed interval

1. Find the values of f(x) at the critical numbers of f (x) in (a, b).

2. Find the values of f(x) at the end points, x = aand x = b.

3. The largest of the values from steps 1 and 2 is the absolute maximum. The
smallest of the values from steps 1 and 2 is the absolute minimum.



Ex. Find the absolute maxima and minima for f(x) = 2x% + 8x + 4 for
—-3<x<1

1. Find the values of f(x) at the critical points of f(x) for—3 < x < 1.
f'(x) =4x+8=0 = x = —2isthe only critical point.
f(=2)=2(-2)2+8(-2) +4 = —4.

2. Find the values of f(x) at the end points, x = —3 and x = 1.
f(=3)=2(-3)2+8(-3)+4=-2

f(1) =2(1)% +8(1) + 4 = 14.
3. Absolute maximum value= 14, whichoccursatx =1

Absolute minimum value= —4,  which occurs at x = —2.

1,14
14 ( )

f(x)=2x*+8x+4
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Ex. Find the absolute maximum and minimum values for f(x) = x3 + 3x? for

—4st%.

1
1. Find the values of f(x) at the critical points of f(x) for —4 < x < 5

ffx)=3x*+6x=3x(x+2)=0 = x=0,-2.
f(=2) = (=2)° + 3(-2)* = 4,
£(0) = 0.
2. Find the values of f(x) at the end points, x = —4 and x = %
F(—4) = (~4)* + 3(~4)? = ~16
1 1\3 N2 1.3 7
F3)=06) +3G) =:+7=%
3. Absolute maximum value= 4, which occurs at x = —2

Absolute minimum value= —16, which occurs atx = —4.
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\f(x) = x3 + 3x?

l(—4,~16)

Ex. Find the absolute maxima and minima for f(x) = x —v/x for0 < x < 4.

1. Find the values of f(x) at the critical points of f(x) for 0 < x < 4.

1

f(x)=1—ﬁ=0
1

=%

2Vx =1

1

V=3

1

X =-.

4



f(1)_1 11 1 1
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Note: x = 0 is not a critical point because it's notin 0 < x < 4.

. Find the values of f(x) at the end points, x = 0 and x = 4.
f(0)=0.
fA=4—-Vi=4-2=2.

. Absolute maximum value= 2, which occurs at x = 4

. 1 ) 1
Absolute minimum value= —7 which occurs at x = "

12
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5 2
Ex. Find the absolute maxima and minima for f(x) = 3x3 — 15xs3;

—-1<x<8.

1. Find the values of f(x) at the critical points of f(x) for—1 < x < 8.

2 1
f'(x) = 5x3 — 10x 3 ; critical points where f'(x) = 0 or undefined.

2 1 1

The trick to solving 5x3 — 10x 3 = 0 is to factor out the lowest power, X 3.

2 _1 _1
5x3 —10x 3 =5x 3(x —2) = 0.

So f'(x) = Owhenx = 2 and f'(x) is undefined at x = 0 (and 0 € (—1,8))

So critical points at x = 0, 2.

F0) =0,  f(2)=3(2)5-15(2) = (2)3[3(2) - 15] = —9(2)5.

2. Find the values of f(x) at the end points, x = —1 and x = 8.
£(=1) = 3(=1)s — 15(=1)7 = =3 — 15 = —18
£(8) = 3(8)5 — 15(8)s = 3(¥8)° — 15(8)°
=3(2)5 — 15(2)% = 96 — 60 = 36.



3. Absolute maximum value= 36,

which occursatx = 8

14

Absolute minimum value= —18,  which occurs atx = —1.
(8,36)
5 2
f(x) =3x3—15x3

(—1,~18)




