Derivatives of Trigonometric Functions

To determine the derivatives of trigonometric functions we are going to need the
following 2 facts:
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Derivatives of Sinx and CoOSXx

Let f(x) = sinx, recall that

sin(x + h) = (sinx)(cos(h)) + (sin(h))(cos x).
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f'(x) =0+ cosx = cosx.
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= (sinx) = cosx
i(cosx) = —sinx
dx o )

The derivative of coSx can be gotten in a similar way to Sinx but using the
formula for cos(x + h) instead of sin(x + h).

Notice that for f(x) = sinx or g(x) = cosx we have

f'(x) = cosx g'(x) = —sinx
f"(x) = —sinx g''(x) = —cosx
f""(x) = —cosx g'"(x) = sinx
f®(x) = sinx g™ (x) = cosx

So the derivatives of Sinx and cosx cycle. This becomes useful when one
studies Taylor series (usually 2" semester Calc.).

So if we want to know f *2) (x) and g#?)(x), all we have to do is divide the 42
by 4 and take the remainder (2). Thus

fOD(x) = f"(x) = —sinx and g*?(x) = g"(x) = —cosx.

This is a special feature of f(x) = sinx and g(x) = cosx.

Ex. If f(x) = sinx and g(x) = cosx find f 7% (x) and g% (x).

75
i 18 with a remainder of 3. Thus we have:

F79(x) = F®(x) = —cosx

g7 (x) = g® (x) = sinx.



Ex. f(x) = cosx, find f’(%), f”(%).

f'(x) = —sinx = f' (%) = —sin(%) __1
f"(x) = —cosx = f”(%) = —Cos (g) _3

Ex. g(x) = x%cosx + 4sinx find g'(x).

Remember, we need to use the product rule on x?cosx:
P 2 d d 2
g (x)=x — (cosx) + (cosx) — (x*) + 4cosx

= x?(—sinx) + (cosx)(2x) + 4cosx

= (2x + 4)cosx — x?sinx.
Ex. f(x) = 4(sinx)(cosx), find f'(x).

Once again, we need to use the product rule:
, . d d , .
f'(x) = 4[sinx (— (cosx)) + cosx (— (smx))]
dx dx
= 4[sinx(—sinx) + cosx(cosx)]

= 4(cos? x — sin” x).
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Ex. h(t) = find h'(t).

In this example we need to use the quotient rule:
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Ex. f(x) = find f'(x).
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Again we need to use the quotient rule:
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Since the other 4 trig functions are defined in terms of Sinx and cosx, we can

use our differentiation rules to calculate their derivatives. For example:
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— (tanx) = sec*x.

The derivatives of cscx, secx, and cotx can all be gotten from defining those

functions in terms of Sinx and/or cosx and using the quotient rule.

Derivatives of Trig Functions (know these cold!):

d , . d

- (sinx) = cosx = (cscx) = —cscx(cotx)
4 (cosx) = —sinx 4 (secx) = secx(tanx)
dx dx

4 (tanx) = sec’x 4 (cotx) = —cscx

dx dx

Notice that the derivatives of all of the “co” functions (cosx, cscx, cotx) have
minus signs in their derivative formulas while the others don’t.



Ex. Let f(x) = xsinx + (cscx)(cotx). Find f'(x).

We need to use the product rule for each of the 2 terms:
fl(x) =x 2 (sinx) + sinx 2 (x) )+ cscx(i cotx) + cotx(i CSCX)
dx dx dx dx

= xcosx + sinx + cscx(—csc?x) + cotx(—(cscx)(cotx))

= xcosx + sinx — csc3x — (cscx)(cot?x)
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Ex. Let g(t) =T , find g'(t).

Here we have a product of 2 functions in the numerator in addition to a quotient
of functions. So we will need the quotient rule and the product rule. Also,

remember we earlier found that — (\/_) = 2\/_
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(secx)(tanx)

.4y —
Ex. Find dx wheny = 2

Start with the quotient rule:
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x2 [(secx)%(tanx) + (tanx)%(secx)] —(secx)(tanx)(2x)
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Ex. For what values of x does the graph of f(x) = 6cosx + 3x have a
horizontal tangent line?

The graph of f(x) = 6cosx + 3x has a horizontal tangent line when

f(x) = 0.

f'(x) = —6sinx+3=0= 3 =6sinx = sinxzé.



So the graph off(x) = 6c0sx + 3x has a horizontal tangent line at all

. : 1
points where Sinx = >

s . .
X = . + 2nm; where n is an integer or

51 . .
r + 2nm; where 1 is an integer.
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