The Product and Quotient Rules

d
We want to develop rules that allow us to calculate — (f(x)g(x)) and

( f(x)
dx ~g(x)”

Unfortunately, % (F@g@) # - (F) 7 (9(x)
EE) = £ (F00) /42 (9).

dx g (x)

Derivative Rule 5: The Product Rule

If f(x) and g(x) are differentiable at x then

L (F0g@) = F6I7 () + g@f @),
Ex. Find = [(2x° — 3)(4x3 + 1)].

Herewecanlet: f(x) = 2x°>—3, so f'(x) = 10x*
gx) =4x3+1, so g'(x) = 12x2.

%(f(x)g(x)) = f(x)g' (x) + g f' (x).
%((sz —3)(4x3 + 1)) = (2x° = 3)(12x%) + (4x3 + 1)(10x%)

= 24x7 — 36x% + 40x7 + 10x*
= 64x7 + 10x* — 36x2.



Ex. Find = ((3x* — 2x)(4x2 + 3))

Let: f(x) =3x*—2x, so f'(x) =12x3 -2
g(x) =4x*+3, so g'(x) = 8x.

L (F0)g@) = F6Ig () + g@f @),
= (3x* — 2x) (4x% + 3)) = (3x* — 2x)(8x) + (4x? + 3)(12x® — 2)

= (24x5 — 16x2) + (48x5 + 36x3 — 8x2 — 6)
= 72x° + 36x3 — 24x? — 6.

Derivative Rule 6: The Quotient Rule
If f(x) and g(x) are differentiable at x and g(x) # 0 then

d (f(x)) _ 9O 0)-f)g’ (x)
dx \g(x) (9(x))? '

o d (2x°-3
Ex. Find — .
dx \4x3+1

As in our first example, let:  f(x) = 2x> =3, so f'(x) = 10x*

gx)=4x3+1, so g'(x) =12x2.



d (f(x)) _ g)f ) -fx)g' (x)

dx \g(x) (g(x))?
d (2x5—3) _ (4x3+1)(10x")-(2x°-3)(12x2)
dx \4x3+1/) (4x3+1)2
_ 40x7+10x*-24x7+36x>
- (4x3+1)2
_ 16x7+10x*+36x2
B (4x3+1)2
d ,2x-1
Ex. Find —
dx (3x2+1)

Let: f(x)=2x—1 so f'(x)=2
g(x)=3x2+1 so g'(x)=6x.

4 (@) _ 9Of )-fx)g'(x)
dx \g(x) (9(x))?

d (Zx—l) _ (3x%+1)(2)-(2x—-1)(6x)

dx \3x2+1/) — (3x2+1)2

(6x2+2)—(12x%—6x)
(3x2%2+1)2

6x%2+2—-12x%+6x
(3x2+1)2

—6X2%+6Xx+2
(3x2+1)2




2x%+1

Ex. Find an equation of a tangent line to the graph off(x) = 7o at the

point (1, —3).
, _ (x2—2)%(2x2+1)—(2x2+1)%(x2—2)
f'x) = Y
_ (¥®-2)(@0)-(2x*+1)(2x)
- (x2~2)? |

For this problem we only need to know f”(1) so we can just plug 1 into the

calculation for f”(x).
(1) = (2=2)(4)-O*)+D W)
Fr) = et

_ D4-3)2) _ —4-6 _
= —1)2 =—0] = 10.

. 2x%+1 _
So the slope of the tangent line to the graph of f(x) = 75 at the point

(1,-3) is —10.
Eqg. of tangentline: y+ 3 =—10(x — 1).



Derivative Rule 2 (revisited): The Power Rule

d —
For ANY integer 1, E(xn) = nx™ 1,

Since we know this rule forn = 0, we only need to show it forn < 0.
Suppose n=-m, m > 0.

m

: -m _ 1 .
Since X = m by the quotient rule we have:

d d
dopy 4 oomy _d (1 _ X gO-1G ™)
dx (x ) T dx (x ) T dx (xm) - (x™)2

x™M(0)-mx™m1

x2m

= —mx ™1 = nxn 1,

You might be tempted to use the quotient rule when taking the derivative of any

guotient, however, if you can turn the quotient into powers of X, it’s easier to use
the power rule. For example:

Ex. Find the derivatives of the following functions

a. f) ==

4t8-2¢2
b. g(t) =—(7>—

a. f(x)= 37 =5x77, so f'(x) = —35x8

X

4t8-2t? t8 t?
b. g(t):t—3:4t_3_2t_3 = 4t°> — 2t71

so g'(t) =20t* + 2t72,



_ o 4 2x5-3x
Ex. Find the derivative of f (x) = e + e

4 2x—3x 4

) ==+ =;+2(i—6)—3()

= 4x73 +2x% —3x73

= x73 + 2x2.

fl(x)=—-3x"*+4x = —% + 4x.

. . . x+x~1
Ex. Find an equation of the tangent line to the graph off(x) = X721 at the

point (1,2).

Let’s do this 2 ways.
#1. Simplify the function before taking the derivative.

1 1
-1 X+- X+- 2
OES <= Olam) =
x2 1 2x2—1 X 2x2-1 2x3—x

Now use the quotient rule:
£1(x) = (2x3—x)%(xz+1)—(x2+1)%(2x3—x)
(2x3-x)2
_ (2x3-x)(2x)-(x2+1)(6x2-1)
- (2x3-x)2 )
Since we are just finding a tangent line at x = 1 we only need f'(1)

(2(13)-1)(2(1))-(2%+1)(6(12)-1)
f)= (2(13)-1)2

_2=@0 _ 4
1

Eq. of tangent line at (1,2): y—2=-8(x—1).




#2. Don’t simplify the function, just apply the quotient rule.

£1(x) = (2x2—1)%(x+x"1)—(x+x_1)%(2x2—1)

(2x2%2-1)2
_ (2x%-1)(1-x")—(x+x " 4ax
- (2x2-1)2

Now plugin x = 1:

rean L (2(12)-1)(1-1"2)—(1+172)(4(1))
Fr = (2(12)-1)2

_1(0-2)4) _
= - =

-8,

So once again we have:

Eq. of tangent line at (1,2): y—2=-8(x—1).



