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                                                   Upper and Lower Limits 

 

Def.  Let {𝑠𝑛} be a sequence of real numbers such that: 

1.  If for every real number 𝑀 there is a positive integer 𝑁 such that if 𝑛 ≥ 𝑁 then 

 𝑠𝑛 ≥ 𝑀, then we say 𝐥𝐢𝐦
𝒏→∞

𝒔𝒏 = +∞ 

2.   If for every real 𝑀 there is a positive integer 𝑁 such that if 𝑛 ≥ 𝑁 then 

 𝑠𝑛 ≤ 𝑀, then we say 𝐥𝐢𝐦
𝒏→∞

𝒔𝒏 = −∞. 

 

Def.  Suppose 𝐸 ⊆ ℝ ∪ {−∞} ∪ {∞} and that there exists an  

𝛼𝜖ℝ ∪ {−∞} ∪ {∞}  such that: 

i.   𝑥 ≤ 𝛼 for all 𝑥𝜖𝐸 

ii.   if 𝛽 < 𝛼  then 𝛽 is not an upper bound for 𝐸 

then  𝛼 is called the Least Upper Bound for 𝐸, or Supremum of 𝐸, and we write: 

                                            𝛼 = 𝑠𝑢𝑝𝐸. 

 

 

 

 

 

 

 

 

 

𝛼 = sup(E)        

     =Least Upper                    

         Bound of 𝐸  

𝛽 
Other Upper Bounds of 𝐸 
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If 𝛼 𝜖ℝ ∪ {−∞} ∪ {∞}   such that: 

i.     𝑥 ≥ 𝛼 for all 𝑥𝜖𝐸 

ii.   if 𝛽 > 𝛼  then 𝛽 is not an lower bound for 𝐸 

then we say 𝛼  is the Greatest Lower Bound for 𝐸, or the Infimum of 𝐸, and we 

write:                                 𝛼 = 𝑖𝑛𝑓𝐸. 

 

 

 

 

 

Notice that 𝑖𝑛𝑓𝐸 and 𝑠𝑢𝑝𝐸 do not have to lie in 𝐸. 

Ex.    Let 𝐸 = (0,1). 

         inf 𝐸 = 0     and    sup 𝐸 = 1,  neither of which lie in 𝐸. 

 

Ex.   Let 𝐸 = [0, ∞) 

          𝑖𝑛𝑓𝐸 = 0,       𝑠𝑢𝑝𝐸 = +∞ 

 

Ex.    Let 𝐸 = {𝑥𝜖ℝ| 2 < 𝑥2 < 3} 

         𝑖𝑛𝑓𝐸 = −√3 ,       𝑠𝑢𝑝𝐸 = √3 

 

𝛽   𝛼 = inf(E)                

      =Greatest Lower                    

         Bound of 𝐸  

 

Other Lower Bounds of 𝐸 
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Def.  Let {𝑠𝑛}  be a sequence of real numbers.  Let 𝐸 be the set of  

𝑥𝜖ℝ ∪ {−∞} ∪ {∞}  such that 𝑠𝑛𝑘
→ 𝑥 for some subsequence {𝑠𝑛𝑘

}.  This set 

𝐸 contains all subsequential limits of {𝑠𝑛}  (including +∞ 𝑎𝑛𝑑 − ∞, if they are 

subsequential limits). 

        𝑠∗ = 𝑠𝑢𝑝𝐸 = lim
𝑛→∞

sup(𝑠𝑛) = 𝒖𝒑𝒑𝒆𝒓 𝒍𝒊𝒎𝒊𝒕 𝒐𝒇 {𝒔𝒏} 

        𝑠∗ = 𝑖𝑛𝑓𝐸 = lim
𝑛→∞

𝑖𝑛𝑓(𝑠𝑛) = 𝒍𝒐𝒘𝒆𝒓 𝒍𝒊𝒎𝒊𝒕 𝒐𝒇 {𝒔𝒏}. 

 

 

Ex.   If a sequence {𝑠𝑛}  has a limit 𝐿,  (e.g. {
𝑛

𝑛+1
} → 1}  then 

          𝐸 = {𝐿} 

       lim
𝑛→∞

sup(𝑠𝑛) = lim
𝑛→∞

𝑖𝑛𝑓(𝑠𝑛) = 𝐿,   i.e.,  the upper limit=lower limit=𝐿. 

 

 

Ex.   Let {𝑠𝑛} = {1, −1, 1, −1, 1, −1, … } ;    where    𝑠2𝑘−1 = 1,    𝑠2𝑘 = −1 

         𝐸 = {−1, 1} 

         𝑠∗ = 𝑠𝑢𝑝𝐸 = lim
𝑛→∞

sup(𝑠𝑛) = 1= upper limit of  {𝑠𝑛}     

         𝑠∗ = 𝑖𝑛𝑓𝐸 = lim
𝑛→∞

𝑖𝑛𝑓(𝑠𝑛) = −1 =lower limit of {𝑠𝑛}    
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Ex.   Let {𝑠𝑛} =all rational numbers. 

     Since the rational numbers are dense in the real numbers, every real number is 

a subsequential limit of {𝑠𝑛} as well as ∞ and −∞.  Thus we have: 

          𝐸 = ℝ ∪ {∞} ∪ {−∞) 

         𝑠∗ = 𝑠𝑢𝑝𝐸 = lim
𝑛→∞

sup(𝑠𝑛) = + ∞= upper limit of  {𝑠𝑛}     

         𝑠∗ = 𝑖𝑛𝑓𝐸 = lim
𝑛→∞

𝑖𝑛𝑓(𝑠𝑛) = −∞ =lower limit of {𝑠𝑛}. 

     

Ex.   Let {𝑠𝑛} be defined by:   𝑠2𝑛 = (−1)𝑛(
𝑛

2(𝑛+1)
),          𝑠2𝑛−1 =

2𝑛

𝑛+1
 

        {𝑠𝑛} = {1,
−1

4
,

4

3
,

1

3
,

6

4
,

−3

8
,

8

5
,

4

10
, … } 

       𝐸 = {
−1

2
,

1

2
, 2} 

     𝑠∗ = 𝑠𝑢𝑝𝐸 = lim
𝑛→∞

sup(𝑠𝑛) = 2= upper limit of  {𝑠𝑛}     

      𝑠∗ = 𝑖𝑛𝑓𝐸 = lim
𝑛→∞

𝑖𝑛𝑓(𝑠𝑛) = −
1

2
=lower limit of {𝑠𝑛}.     

 

 

 


