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                                     Groups- HW Problems 

 

In problems 1-7 determine if the operation ∗ defines a group structure 

on the set.  If not, identify which group axioms are violated. 

1.    𝑎 ∗ 𝑏 = 𝑎𝑏     on  ℤ+ 

2.    𝑎 ∗ 𝑏 = 𝑎 + 𝑏  on 3ℤ = {3𝑛| 𝑛 ∈ ℤ} 

3.    𝑎 ∗ 𝑏 = 𝑎𝑏       on ℝ 

4.    𝑎 ∗ 𝑏 = 𝑎𝑏       on ℚ∗ = {𝑥 ∈ ℚ| 𝑥 ≠ 0} 

5.    𝐴 ∗ 𝐵 = 𝐴𝐵,   matrix multiplication on 

                                 𝑀 = {𝐴 ∈ 𝑀𝑛(ℝ)| 𝐴 is diagonal} 

6.    𝐴 ∗ 𝐵 = 𝐴 + 𝐵,   matrix addition on 𝑀𝑛(ℝ) 

7.    𝐴 ∗ 𝐵 = 𝐴𝐵,   matrix multiplication on 

                                 𝑀 = {𝐴 ∈ 𝑀𝑛(ℝ)| det(𝐴) = ±1} 

 

8.    Give a multiplication table for {0,1,2,3,4} with                                   

        𝑎 ∗ 𝑏 = 𝑎 + 𝑏  (mod 5) where 𝑎 + 𝑏  (mod 5) is the remainder 

        when 𝑎 + 𝑏 is divided by 5.  Find the inverse of each element of 

        {0,1,2,3,4}. 

 

9.    Suppose 𝐺 is a group.  Prove that 𝐺 has exactly one element 𝑔 such 

that 𝑔 ∗ 𝑔 = 𝑔. 

 

10.    Suppose (𝑎 ∗ 𝑏) ∗ (𝑎 ∗ 𝑏) = (𝑎 ∗ 𝑎) ∗ (𝑏 ∗ 𝑏) for all 𝑎, 𝑏 ∈ 𝐺, 

where 𝐺 is a group.  Prove that 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎  (ie 𝐺 is an abelian group). 


